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Learning Objectives 

Students will be able to recognize the following properties of the Inverse Laplace 

Transformation. 

 Understand Inverse Laplace transforms of standard functions. 

 Get an idea about division by powers of p. 

 Get the knowledge of application of Laplace transformations. 

 Students will be able to know the use of Inverse Laplace transform in system 

modeling, digital signal processing, etc., 

Inverse Laplace Transformation – Division by powers of p  



Definition of Inverse Laplace Transformation  

      

         If f(p) is the Laplace Transform of a function F(t). i.e. L { F(t) } = f(p) 

then F(t) is called the inverse Laplace transform of the function f(p) and is 

written as  F(t) = L-1 { f(p) } . 



Proof: 𝐿𝑒𝑡 𝐺 𝑡 =  𝐹 𝑡 𝑑𝑡.
𝑡

0
 𝑇ℎ𝑒𝑛 𝐺′ 𝑡 = 𝐹 𝑡 𝑎𝑛𝑑 𝐺 0 = 0  

∴ 𝐿 𝐺′ 𝑡 = 𝑝 𝐿 𝐺 𝑡 − 𝐺 0   

         𝑓 𝑝 = 𝑝 𝐿 𝐺 𝑡   

 𝑖. 𝑒 𝐿 𝐺 𝑡 =
𝑓 𝑝

𝑝
   

𝑖. 𝑒 𝐿−1
𝑓 𝑝

𝑝
= 𝐺 𝑡 =  𝐹 𝑡 𝑑𝑡.

𝑡

0
  

Theorem: 𝑰𝒇𝑳−𝟏 𝒇 𝒑 = 𝑭 𝒕  𝒕𝒉𝒆𝒏 𝑳−𝟏  
𝒇 𝒑

𝒑
=  𝑭 𝒕 𝒅𝒕

𝒕

𝟎
 

Inverse Laplace Transform of Division by Powers of p 



Theorem: 𝑰𝒇𝑳−𝟏 𝒇 𝒑 = 𝑭 𝒕  𝒕𝒉𝒆𝒏 𝑳−𝟏  
𝒇 𝒑

𝒑𝟐
=   𝑭 𝒙 𝒅𝒙 𝒅𝒚

𝒚

𝟎

𝒕

𝟎
 

Proof: LetG t =   𝑓 𝑥 𝑑𝑥 𝑑𝑦
𝑦

0

𝑡

0
  

 𝑇ℎ𝑒𝑛 𝐺′ 𝑡 =  𝐹 𝑥 𝑑𝑥, 
𝑡

0
 𝑤ℎ𝑒𝑟𝑒 𝐺′′ 𝑡 = 𝐹 𝑡 .   

𝐴𝑙𝑠𝑜 𝐺 0 = 𝐺′ 0 = 0  

Now L 𝐺′′ 𝑡 = 𝑝2𝐿 𝐺 𝑡 − 𝑝𝐺 0 − 𝐺′ 0 = 𝑝2𝐿 𝐺 𝑡    

⇒ 𝑓 𝑝 = 𝑝2𝐿 𝐺 𝑡   

⇒ 𝐿 𝐺 𝑡 =
𝑓 𝑝

𝑝2
  

⇒ 𝐿−1
𝑓 𝑝

𝑝
= 𝐺 𝑡 =   𝑓 𝑥 𝑑𝑥 𝑑𝑦

𝑦

0

𝑡

0
  



Ex 1:  Find the inverse Laplace transform of 
𝟏

𝒑(𝒑+𝟐)
  

Sol: L−1
1

p+2
= e−2t = F t  

we have L−1
1

p p+2
= L−1

1

p

1

p+2
  

                                    =  e−2t dt
t

0
  

                                   =
e−2t

−2 0

t

  

                                     =
1

2
(1 − e−2t) 

L−1
1

p p+2
=

1

2
(1 − e−2t)  



Ex 2: Find the inverse Laplace transform of  {
𝟏

𝐩 𝐩𝟐+𝐚𝟐
}  

Sol: We have 𝐿−1
1

𝑝2+𝑎2
=

1

𝑎
sin 𝑎𝑡   and  

𝐿−1
1

𝑝
𝐹 𝑝 =  𝐹 𝑢 𝑑𝑢

𝑡

0
 𝑤ℎ𝑒𝑟𝑒 𝐹 𝑡 = 𝐿−1 𝐹 𝑝   

∴ 𝐿−1
1

𝑝 𝑝2+𝑎2
=  

1

𝑎

𝑡

0
sin 𝑎𝑢 𝑑𝑢 =  −

1

𝑎
  1 − cos 𝑎𝑢 0

𝑡 = 
1−cos 𝑎𝑡

𝑎2
   

Ex 3: Find the inverse Laplace transform of 
𝟏

𝒑𝟑(𝒑𝟐+𝒂𝟐)
 

Sol: We have 𝐿−1
1

𝑝 𝑝2+𝑎2
=

1

𝑎2
1 − cos 𝑎𝑡  

∴ 𝐿−1
1

𝑝2 𝑝2+𝑎2
=  

1

𝑎2
1 − cos 𝑎𝑡 𝑑𝑡

𝑡

0
=

1

𝑎2
𝑡 −

1

𝑎
sin 𝑎𝑡   

∴ 𝐿−1
1

𝑝3 𝑝2+𝑎2
=  

1

𝑎2
𝑡 −

1

𝑎
sin 𝑎𝑡 𝑑𝑡

𝑡

0
=

1

𝑎2
𝑡2

2
+

1

𝑎2
 (cos 𝑎𝑡 − 1)  . 



Ex 4: Find the inverse Laplace transform of 
𝟏

𝒑𝟑(𝒑𝟐+𝟏)
  

Sol: Put a = 1 in the above problem we get 

 𝐿−1
1

𝑝3 𝑝2+1
=

𝑡2

2
+ cos 𝑡 − 1 

Ex 5: Find 𝑳−𝟏  
𝟏

𝒑𝟐+𝒂𝟐
𝟐  

    Sol: Let 𝑓 𝑝 =
p

p2+a2 2  . 𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝐿 sin 𝑎𝑡 =
𝑎

𝑝𝑎+𝑎2
 

𝑁𝑜𝑤 𝐿−1
𝑑

𝑑𝑝

1

𝑝2+𝑎2
= −1 𝑡

1

𝑎
sin 𝑎𝑡  

                         ⇒ 𝐿−1
−2𝑝

𝑝2+𝑎2
=

−𝑡

𝑎
sin 𝑎𝑡   

⇒ 𝐿−1
𝑝

𝑝2+𝑎2
=

𝑡

2𝑎
sin 𝑎𝑡  



𝑁𝑜𝑤 𝐿−1
1

𝑝2 + 𝑎2 2
= 𝐿−1

1

𝑝

𝑝

𝑝2 + 𝑎2 2
= 𝐿−1

1

𝑝
𝑓 𝑝  

                                                =  
𝑓 𝑢
𝑑𝑢

𝑡

0
=  

𝑢

2𝑎

𝑡

0
sin 𝑎𝑢 𝑑𝑢    

                                         =
1

2𝑎
 𝑢 sin 𝑎𝑢 𝑑𝑢
𝑡

0
  

                                         =
1

2𝑎
 𝑢

− cos 𝑎𝑢

𝑢
− 1

− sin 𝑎𝑢

𝑎2 0

𝑡
  

                                        =
1

2𝑎
 

−𝑢 cos 𝑎𝑢

𝑢
+

sin 𝑎𝑢

𝑎2 0

𝑡
  

                                        =
1

2𝑎3
sin 𝑎𝑢 − 𝑎𝑢 cos 𝑎𝑢 0

𝑡   

                                        =
1

2𝑎3
(sin 𝑎𝑡 − 𝑎𝑡 cos 𝑎𝑡) 

∴ 𝐿−1
1

𝑝2+𝑎2 2 =
1

2𝑎3
(sin 𝑎𝑡 − 𝑎𝑡 cos 𝑎𝑡)  



Ex 6: Find 𝑳−𝟏  
𝒑𝟐

𝒑𝟐+𝒂𝟐
𝟐  

Sol: L−1  
p2

p2+a2 2 = L−1 p 
p

p2+a2 2 =
𝑑

𝑑𝑡
L−1  

p

p2+a2 2 ……… . (1) 

𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 L−1  
1

p2+a2
=

1

𝑎
sin 𝑎𝑡 ………(2)  

𝑊𝑒 ℎ𝑎𝑣𝑒 
𝑑

𝑑𝑝
 

1

p2+a2
=

−2𝑝

p2+a2 2  

𝑇ℎ𝑒𝑛 𝐿−1  
𝑑

𝑑𝑝
 

1

p2+a2
= −1 𝑡𝐿−1  

1

p2+a2
  

⇒ 𝐿−1
−2𝑝

p2+a2 2 = −𝑡
1

𝑎
sin 𝑎𝑡  

∴ 𝐿−1
𝑝

p2+a2 2 =
𝑡

2𝑎
sin 𝑎𝑡  

∴ L−1  
p2

p2+a2 2 =
𝑑

𝑑𝑡

𝑡

2𝑎
sin 𝑎𝑡 =

1

2𝑎
𝑎𝑡 cos 𝑎𝑡 + sin 𝑎𝑡    



Practice Questions: 

Find the inverse Laplace transform of  

1.
1

𝑝(𝑝+2)3
     2. 

1

𝑝2(𝑝2−𝑎2)
     3. 

1

𝑝2(𝑝+3)
      4. 

1

𝑝2(𝑝+1)2
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